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Abstract
A Deza graphG with parameters (n, k, b, a) is a k-regular graph with n vertices such that any two
distinct vertices have b or a common neighbours, where b > a. The children GA and GB of a
Deza graphG are defined on the vertex set ofG such that every two distinct vertices are adjacent
in GA or GB if and only if they have a or b common neighbours, respectively. In this paper we
present a general approach to dual Seidel switching and investigate Deza graphs whose children
are strongly regular graphs.
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1. Introduction
A Deza graph G with parameters (n, k, b, a) is a k-regular connected graph of order n for
which the number of common neighbours of two distinct vertices takes just two values, b or a,
where b > a. The graph was introduced in [4], and the name was given in [5], where the basics
of Deza graph theory were founded and different constructions of Deza graphs were presented.
Moreover, it was shown that Deza graphs can be considered in terms of matrices. Suppose G is
a graph with n vertices, and M is its adjacency matrix. Then G is a Deza graph with parameters
(n, k, b, a) if and only if
M2 = a A + b B + k I (1)
for some symmetric (0, 1)-matrices A, B such that A + B + I = J, where J is the all–ones matrix
and I is the identity matrix. Note thatG is a strongly regular graph if and only if A or B is M.
Suppose that we have a Deza graph with M, A, and B satisfying (1). Then A and B are
adjacency matrices of graphs, and the corresponding graphs GA and GB are called the children
of G. If G is a strongly regular graph, then its children are G and its complement. A Deza
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graph of diameter two which is not a strongly regular graph is called a strictly Deza graph. A
strongly regular graph is called imprimitive if it, or its complement, is disconnected, and primitive
otherwise. Deza graphs whose children are imprimitive strongly regular graphs are known as
divisible design graph [7].
The dual Seidel switching [6, 8] was used in [5] for constructing (strictly) Deza graphs from
strongly regular graphs. We call an involutive automorphism of a graph as a Seidel automorphism
if it interchanges only non-adjacent vertices.
Theorem 1. (Dual Seidel switching) [5, Theorem 3.1] Let G be a strongly regular graph with
parameters (n, k, λ, µ), where k , µ, λ , µ. Let M be the adjacency matrix of G, and P be a
non-identity permutation matrix of the same size. Then PM is the adjacency matrix of a Deza
graph H if and only if P represents a Seidel automprphism. Moreover, H is a strictly Deza graph
if and only if λ , 0, µ , 0.
By Theorem 1 we have (PM)2 = M2, therefore there exist Deza graphs with primitive
strongly regular children. On the conference “Graphs and Groups, Design and Dynamics”,
Yichang, China, August 2019, W. Haemers asked the first author whether there exist other con-
structions or examples of Deza graphs with primitive strongly regular children.
In this paper we present some constructions of Deza graphs with strongly regular children
using a generalisation of the dual Seidel switching and other matrix tools.
The following significant connections between spectra of Deza graphs and spectra of their
children were shown in [1].
Theorem 2. [1, Theorem 3.2] Let G be a Deza graph with parameters (n, k, b, a), b > a. Let
M, A, B be the adjacency matrices of G and its children, respectively. If θ1 = k, θ2, . . . , θn are the
eigenvalues of M, then
(i) The eigenvalues of A are
α =
b(n − 1) − k(k − 1)
b − a
, α2 =
k − b − θ2
2
b − a
, . . . , αn =
k − b − θ2n
b − a
.
(ii) The eigenvalues of B are
β =
a(n − 1) − k(k − 1)
a − b
, β2 =
k − a − θ2
2
a − b
, . . . , βn =
k − a − θ2n
a − b
.
If G is a strongly regular graph with parameters (n, k, λ, µ) and with the adjacency matrix M,
then
M2 = kI + λM + µ(J − I − M). (2)
It is known [2, Theorem 1.3.1] and [3, Theorem 9.1.2] that M has precisely two distinct restricted
eigenvalues r (r ≥ 0) and s (s ≤ 0). If a Deza graph has strongly regular children, then we have
the following theorem as a straightforward corollary of Theorem 2.
Theorem 3. Let G be a Deza graph with parameters (n, k, b, a), b > a. Let a Deza child H of G
be a strongly regular graph with parameters (n, kH, λ, µ), and H has restricted eigenvalues r, s
with multiplicities f , g. Then the following statements hold.
(i) kH is equal to
b(n − 1) − k(k − 1)
b − a
or
k(k − 1) − a(n − 1)
b − a
.
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(ii) G has at most four restricted eigenvalues
ρ1,2 = ±
√
k − b − r(b − a), σ1,2 = ±
√
k − b − s(b − a)
with the multiplicities f1, f2 and g1, g2, respectively.
(iii) f = f1 + f2, g = g1 + g2.
Note that Theorem 3 is a generalization of a result obtained for divisible design graphs in [7].
The next theorem follows from Theorem 3.
Theorem 4. Let M be the adjacency matrix of a Deza graph with strongly regular children. If
N is the adjacency matrix of one of its children and the equality M2 = N2 holds, then k = α,
ρ1,2 = ±r and σ1,2 = ±s.
2. Generalisation of the dual Seidel switching
Let M be the adjacency matrix of a strongly regular graphG with parameters (n, k, λ, µ) such
that
M =
(
M11 M12
M21 M22
)
(3)
for some submatricesM11,M12,M21,M22 ofM, whereM11 be the adjacencymatrix of an induced
subgraph H of G.
Let us consider the permutation matrix
P =
(
P11 0
0 I
)
, (4)
where P11 is the permutation matrix corresponding to a Seidel automorphism ϕ of H, and the
matrix
PMP =
(
M11 P11M12
M21P11 M22
)
. (5)
Below we assume that M and P are defined by (3) and (4), respectively. It is clear that P2 = I.
Lemma 1. Let G be a strongly regular graph with the adjacency matrix M, and H be its in-
duced subgraph with the adjacency matrix M11. If there exists an automorphism of H with the
permutation matrix P11, then
P11M12M21P11 = M12M21. (6)
Proof. Let us consider an element of matrix M12M21 indexed by two distinct vertices u1, u2 ∈
V(H). Then, for an automorphism ϕ of H, we have
|NH(u1) ∩ NH(u2)| = |NH(ϕ(u1)) ∩ NH(ϕ(u2))|.
Since u1 is adjacent to u2 in G if and only if ϕ(u1) is adjacent to ϕ(u2) in G, and G is a strongly
regular graph, we have
|NG(u1) ∩ NG(u2)| = |NG(ϕ(u1)) ∩ NG(ϕ(u2))|.
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Therefore, ∣∣∣(NG(u1) \ NH(u1)) ∩ (NG(u2) \ NH(u2))∣∣∣ =
=
∣∣∣(NG(ϕ(u1)) \ NH(ϕ(u1))) ∩ (NG(ϕ(u2)) \ NH(ϕ(u2)))∣∣∣,
which gives (6) and completes the proof. 
Theorem 5. The matrix PMP is the adjacency matrix of a strongly regular graph with the same
parameters (n, k, λ, µ) as a strongly regular graph with the adjacency matrix M.
Proof.To show that the matrix PMP corresponds to a strongly regular graph, we need to consider
the matrix (PMP)2. By (6) we have
(PMP)2 = PM2P = P
(
kI + λM + µ(J − I − M)
)
P =
= kI + λPMP + µ(J − I − PMP).
By (2), this completes the proof. 
The following theorems generalise the dual Seidel switching.
Theorem 6. (Generalised dual Seidel switching 1)
Let G be a strongly regular graph with the adjacency matrix M, and H be its induced subgraph
with the adjacency matrix M11. If there exists a Seidel automorphism of H with the permutation
matrix P11 such that P11M12M22 = M12M22, then matrices
N1 =
(
P11M11 M12
M21 M22
)
, and N2 =
(
P11M11 P11M12
M21P11 M22
)
are the adjacency matrices of Deza graphs with strongly regular children. Moreover, N2
2
= M2
and N2
1
= (PMP)2.
Theorem 7. (Generalised dual Seidel switching 2)
Let G be a Deza graph with strongly regular children and the adjacency matrix M, and H be
its induced subgraph with the adjacency matrix M11. If there exists a Seidel automorphism of H
with the permutation matrix P11 such that P11M11M12 = M11M12, then matrices
N1 =
(
P11M11 M12
M21 M22
)
, and N2 =
(
P11M11 P11M12
M21P11 M22
)
are the adjacency matrices of Deza graphs with strongly regular children. Moreover, N2
1
= M2
and N2
2
= (PMP)2.
Proof. To proof both theorems we calculate the following matrices:
M2 =
(
M2
11
+ M12M21 M11M12 + M12M22
M21M11 + M22M21 M21M12 + M
2
22
)
,
(PMP)2 =
(
M2
11
+ P11M12M21P11 M11P11M12 + P11M12M22
M21P11M11 + M22M21P11 M21P11P11M12 + M
2
22
)
,
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N2
1
=
(
P11M11P11M11 + M12M21 P11M11M12 + M12M22
M21P11M11 + M22M21 M21M12 + M
2
22
)
,
N2
2
=
(
P11M11P11M11 + P11M12M21P11 P11M11P11M12 + P11M12M22
M21P11P11M11 + M22M21P11 M21P11P11M12 + M
2
22
)
.
By Lemma 1, the equation P11M12M21P11 = M12M21 holds. If P11M12M22 = M12M22, then
comparing the matrices N2
2
and M2, or N2
1
and (PMP)2 we have Theorem 6.
If P11M11M12 = M11M12, then comparing the matrices N
2
1
and M2, or N2
2
and (PMP)2, we
have Theorem 7. 
Remark 1. The combinatorial meaning of the matrix conditions are as follows.
(1) Condition P11M12M22 = M12M22 from Theorem 6 means that for any v ∈ V(G) \ V(H) and
for any x, y ∈ V(H) such that ϕ(x) = y, the number of common neighbours for v and x in G \ H
is equal to the number of common neighbours for v and y in G \ H;
(2) Condition P11M11M12 = M11M12 from Theorem 7 means that for any v ∈ V(G) \ V(H) and
for any x, y ∈ V(H) such that ϕ(x) = y, the number of common neighbours for v and x in H is
equal to the number of common neighbours for v and y in H.
Remark 2. If G = H then N1 = N2 and we have the dual Seidel switching from Theorem 1.
Remark 3. If G is a strongly regular graph meeting conditions of Theorem 7, then the theorem
holds as well. Moreover, in both Theorems 6 and 7, H is a strictly Deza graph if and only if λ , 0
and µ , 0.
Remark 4. If G is a strongly regular graph meeting conditions of both Theorems 6 and 7, then
λ = µ.
Next three examples illustrate Theorem 6.
Example 1. The line graph of the complete bipartite graph Km,m, where m > 2, is called the
lattice graph L2(m) with parameters (m
2, 2(m − 1),m − 2, 2).
The lattice graphG = L2(m), wherem > 5, has the induced subgraphH = L2(m−2). For odd
m, there is one Seidel automorphism of H corresponding to the main diagonal lattice symmetry.
For even m, there are two Seidel automorphisms of H corresponding to the main diagonal lattice
symmetry and to the central symmetry. Thus, we have the induced subgraph H with the Seidel
automorphism of a strongly regular graphG.
Now let us check the condition of Theorem 6. It is enough to verify that the combinatorial
condition (1) of Remark 1 holds. Indeed, for any v ∈ V(G) \ V(H) and for any x, y ∈ V(H) such
that ϕ(x) = y, there is the only common neighbour for v and x, and for v and y in G \ H.
Hence, by Theorem 6, there are two non-isomorphic Deza graphs with parameters
(m2, 2(m − 1),m − 2, 2) whose strongly regular children are L2(m) and its compliment. By
Theorem 4, its distinct eigenvalues belong to the set {2(m − 1),±(m − 2),±2}.
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Example 2. Let Kn be the complete graph with n vertices on the set {1, 2, . . . , n}, n > 2. The line
graph of Kn is called the triangular graph T (n) with parameters (n(n − 1)/2, 2(n− 2), n − 2, 4).
Let n > 8 is even. The triangular graph G = T (n) has the induced subgraph H = T (n − 2)
defined as the line graph of Kn−2 on the set {1, 2, . . . , n − 2}. The vertices of G can be viewed
as 2-subsets of the set {1, 2, . . . , n}. There is a Seidel automorphism of H defined by ϕ({i, j}) =
{n − i − 2, n − j − 2}.
Now let us check the condition of Theorem 6. If v = {n, n−1}, then v doesn’t have neighbours
in H, but any vertex from H has four neighbours with v. If v = {k, l}, where k ∈ {1, 2, . . . , n − 2},
l ∈ {n, n − 1}, is not from H, and vertices x = {i, j}, y = ϕ(x) are from H, then out of H a vertex
v has exactly one common neighbour with x and exactly one common neighbour with y. Thus,
condition of Theorem 6 holds, and we have two non-isomorphic Deza graphs with parameters
(n(n − 1)/2, 2(n − 2), n − 2, 4) for any even integer n. Children of this Deza graph are the
triangular graph and its complement. By Theorem 4, all distinct eigenvalues of this Deza graph
belong to the set {2(n − 2),±(n − 4),±2}.
Example 3. Let G be the triangular graph T (7). There is an induced subgraph H = L2(3) in
G with the diagonal symmetry under conditions of Theorem 6. The matrices N1 and N2 give
two non-isomorphic Deza graphs with the same parameters (21, 10, 5, 4) whose spectra are
{101, 34, 23,−211,−32} and {101, 32, 26,−28,−34}, where the exponents denote multiplicities.
Let G be the triangular graph T (8). There is an induced subgraph H = L2(4) in G with
the diagonal and the central symmetries under conditions of Theorem 6. In each of the cases
the matrices N1 and N2 correspond to non-isomorphic Deza graphs with the same parameters
(28, 12, 6, 4) whose eigenvalues belong to the set {12,±4,±2}.
Next two examples illustrate Theorem 7.
Example 4. The lattice graphG = L2(m) has an induced subgraph H = K2 × Km. By Remark 3,
Theorem 7 holds for G and H. For any even m > 6, there is a Seidel automorphism ϕ of H
corresponding to the central symmetry of the lattice with two rows and m columns. Thus, we
have the induced subgraph H with the Seidel automorphism of a strongly regular graph G. The
subgraph H meets condition of Theorem 7 since the combinatorial condition (2) of Remark 1
holds. Indeed, for any v ∈ V(G) \ V(H) and for any x, y ∈ V(H) such that ϕ(x) = y, there is the
only neighbour in H for both pairs v and x, and v and y. Hence, by Theorem 7, for m > 6 there
are two non-isomorphic Deza graphs with parameters (m2, 2(m − 1),m − 2, 2) whose strongly
regular children are L2(m) and its complement.
The resulting graph G1, which is a strictly Deza graph, has an induced subgraph
H1 = Km−2 × Km defined on the set V(G1) \ V(H). There is a subgraph H2 = K2 × Km of H1
meeting conditions of Theorem 7 for G1 so that a new Deza graph G2 is obtained. Continuing
this process, m/2 new non-isomorphic Deza graphs are obtained with the same parameters. By
Theorem 4, all distinct eigenvalues of these Deza graphs belong to the set {2(m−1),±(m−2),±2}.
Example 5. Let G = T (n) be the triangular graph for some even n > 8. It has an induced
subgraph H = K2×Kn−2 on the neighbourhoodN(w) of a vertexw ∈ V(G)\V(H). This subgraph
H has a Seidel automorphism ϕ corresponding to the central symmetry of the lattice. Let us show
that the combinatorial condition (2) of Remark 1 holds for H. For any v ∈ V(G) \ V(H) and for
any two non-adjacent vertices x, y ∈ V(H) such that ϕ(x) = y consider the following cases. If
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v = w then the condition holds since H is a regular graph. If v , w then there are four subcases:
• x, y ∈ N(v) ∩ N(w);
• x, y < N(v) ∩ N(w);
• x ∈ N(v) ∩ N(w) and y < N(v) ∩ N(w);
• y ∈ N(v) ∩ N(w) and x < N(v) ∩ N(w),
each of which gives |N(x) ∩ N(v) ∩ N(w)| = |N(y) ∩ N(v) ∩ N(w)| = 2. Thus, by Theorem 7
we have two non-isomorphic Deza graphs with parameters (n(n− 1)/2, 2(n− 2), n− 2, 4) for any
even integer n. Children of this Deza graph are the triangular graph and its complement. By
Theorem 4, all distinct eigenvalues of this Deza graph belong to the set {2(n − 2),±(n − 4),±2}.
3. More constructions
In this section we present other matrix-based constructions of Deza graphs with strongly
regular children.
Theorem 8. Let M be the adjacency matrix of a strongly regular graph G with parameters
(n, k, λ, µ) with λ = µ. If there exists a fixed point free Seidel automorphism of G and its permu-
tation matrix is P, then the matrix M + P is the adjacency matrix of a Deza graph with strongly
regular children whose adjacency matrices are PM and (J − I − PM).
Proof. Since G is a strongly regular graph with parameters (n, k, λ, µ), where λ = µ, then by (2)
we have:
M2 = kI + λM + λ(J − I − M) = kI + λ(J − I).
Since P is the permutation matrix of a Seidel automorphism of G and λ = µ, then PM is the
adjacency matrix of a strongly regular graph. Moreover, the equation
M2 = (PM)2
holds. Since P has no ones on the main diagonal, then the automorphism has no fixed points. So,
M + P is the adjacency matrix of a graph. Thus, we have:
(M + P)2 = M2 + 2PM + P2 = (PM)2 + 2PM + P2 = kI + λ(J − I) + 2PM + I =
= (k + 1)I + λPM + 2PM + λ(J − I) − λPM =
= (k + 1)I + (λ + 2)PM + λ(J − I − PM),
which gives a Deza graph with strongly regular children whose adjacency matrices are PM and
(J − I − PM). This completes the proof. 
Example 5. Consider the lattice graph L2(4) with parameters (16, 6, 2, 2). It has a fixed
point free Seidel automorphism corresponding to the central symmetry of the lattice (see
Example 1). Let P be its permutation matrix and M be the adjacency matrix of L2(4). Then
by Theorem 8, matrix P+M is the adjacency matrix of a Deza graph with parameters (16, 7, 4, 2).
Example 6. Consider the Clebsch graphG with parameters (16, 10, 6, 6)whose adjacencymatrix
is M. It has a fixed point free Seidel automorphism. If P is its permutation matrix, then by
Theorem 8, matrix P + M is the adjacency matrix of a Deza graph with parameters (16, 11, 8, 6).
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Theorem 9. Let M be the adjacency matrix of a strongly regular graph G with parameters
(n, k, λ, µ). If there exists a fixed point free Seidel automorphism of G and its permutation matrix
is P, then the matrix P(M + I) is the adjacency matrix of a Deza graph with valency k + 1, pa-
rameters {a, b} = {λ + 2, µ} and with strongly regular children whose adjacency matrices are M
and J − I − M.
Proof. Since P is the permutation matrix of a Seidel automorphism of G, we have:
(P(M + I))2 = P(M + I)P(M + I) = (PMP + PIP)(M + I) = (M + I)2 = M2 + 2M + I2.
Since P has no ones on the main diagonal, then the automorphism has no fixed points, and
P(M + I) is the adjacency matrix of a graph. Thus, by (2) we have:
(P(M + I))2 = (k + 1)I + (λ + 2)M + µ(J − I − M),
which gives a Deza graph with valency k + 1, parameters {a, b} = {λ + 2, µ} and with strongly
regular children whose adjacency matrices are M and J − I − M. This completes the proof. 
Example 7. Consider the lattice graph L2(n), where n is even, with parameters (n
2, 2(n − 1), n −
2, 2). As it was shown in Example 1, central symmetry of L2(n) can be considered as a fixed point
free Seidel automorphism ϕ. Thus, if P is the permutation matrix of ϕ, and M is the adjacency
matrix of L2(n), then by Theorem 9, matrix P(M + I) is the adjacency matrix of a Deza graph
with parameters (n2, 2n − 1, n, 2).
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